It is demonstrated using conventional uid theory that angular momentum can be injected into a single component plasma con ned in a Penning-Malmberg trap via an externally generated, oscillating, non-axisymmetric, electric eld. The torque exerted on the plasma by the electric eld is a highly non-monotonic function of the plasma angular rotation velocity. The torque vs. angular velocity curve is dominated by sharp resonances at which the angular phase velocity of a particular poloidal harmonic of the external eld matches the plasma angular rotation velocity. The torque exerted on the plasma by a given poloidal harmonic is negative when the eld rotates faster than the plasma, and vice versa. This rather surprising behaviour is shown to be entirely consistent with a standard result in hydrodynamic theory, but is generally not observed in present day experiments. PACS: 52.25.Wz
I Introduction
Experiments involving single component plasmas con ned in Penning-Malmberg traps are used extensively to investigate fundamental issues in uid mechanics and plasma physics. 1;6 Single component plasmas possess the unique property that they can relax to thermal equilibrium without the loss of con nement. 7 In principle, a single component plasma can be con ned in a Penning-Malmberg trap for an inde nite period of time. In practice, the con nement time is limited by small asymmetries in the externally generated magnetic eld required to maintain the plasma equilibrium. Recently, \in nitely" long con nement of pure ion plasmas has been achieved by injecting momentum into the plasma using a rotating, non-axisymmetric, electric eld. 8 The purpose of this paper is to investigate this phenomenon using conventional uid theory.
II Analysis
A Basic scenario Consider a cylindrical plasma of radius a made up of identical particles of charge q and mass M. The plasma is placed in a uniform axial magnetic eld, of strength B z , and surrounded by a vacuum region. This con guration is known as a Penning-Malmberg trap. 
B Fundamental equations
Here, v is the uid velocity, E the electric eld, and B the magnetic eld. The last two terms on the right hand side of the above equation are phenomenological. The former represents the di usive transport of momentum throughout the plasma i.e., viscosity. Experimentally, there is no doubt that a single component plasma possesses \viscosity" of some description, but its origins and nature are obscure. 9 A conventional electron-ion plasma possesses viscosity by virtue of collisions between particles. 10 Admittedly, this \collisional viscosity" is generally much smaller than the \anomalous viscosity" produced by ne scale turbulence (i.e., collective e ects). 11 A single component plasma also possesses a collisional viscosity. 12 However, the experimental viscosity exceeds this by several orders of magnitude. 9 The most likely explanation for the anomalous viscosity of a single component plasma is that it is also due to collective e ects. 13 It remains unclear whether the observed \viscosity" of a non-neutral plasma is local (i.e., di usive) in nature, as is assumed in this paper for the sake of simplicity, or is a more complicated non-local e ect. 14 The nal term on the right hand side of Eq. (1) represents a gradual loss of plasma angular momentum due to small asymmetries in the magnetic eld. It is well established experimentally that a single component plasma con ned in a Penning-Malmberg trap eventually spins down because of non-uniformities in the axial magnetic eld, but the exact nature of the angular momentum loss mechanism is unknown. 15 The clearest analogy in conventional plasma physics is \poloidal ow damping" in tokamaks. 16 In this phenomenon, the inevitable small variation of the toroidal magnetic eld strength across the plasma due to the toroidal geometry interacts with parallel (to the magnetic eld) plasma viscosity to produce a loss of angular momentum about the magnetic axis. The e ective damping force exerted within the plasma is proportional to the local circulation velocity. This form for the damping force is adopted in Eq. (1) . The coe cient of kinematic viscosity, , and the ow damping rate, d , are both assumed to be constant across the plasma, for the sake of simplicity. Strictly speaking, it is the coe cient of dynamic viscosity = M n which is constant in Eq. (1), which implies that / n ;1 . However, this paper is only concerned with plasmas whose density is uniform to lowest order. In this situation, it is consistent to neglect the variation of with density. The continuity equation for a single component plasma is written @n @t + v r n + n r v = 0 (2) where n is the numberdensity of particles.
Maxwell's equations for a non-relativistic single component plasma take the 
According to Eqs. (1) and (3), the inductive component of the electric eld and the modi cations to the magnetic eld due to plasma currents can both be neglected, since they are O(v=c) 2 smaller than the non-inductive electric eld and the externally generated magnetic eld, respectively. 
Conventional right handed cylindrical polarcoordinates (r, , z) are adopted. For the sake of simplicity, the ow is assumed to bestrictly two-dimensional:
C Derived equations
Equations (2), (5), (6) , (7), and (8) (12) is termed the Brillouin density. 18 
D Rigid rotator states
Plasma viscosity has the e ect of relaxing the velocity pro le of the plasma to that of a rigid rotator (assuming that the Debye length is small compared to the plasma minor radius). 12 A rigidly rotating plasma possesses uniform density, vorticity, and divergence of the ow. In other words, n(r t ) = n(t) (13a) ! z (r t ) = ! z (t) (13b) (r t ) = (t):
The associated plasma velocity pro le is given by v = 1 2 r r + r! z^ : (14) The relationship between the plasma minor radius and the plasma density is n a 2 = constant (15) assuming that the plasma contains a xed numberof particles. Substitution of Eqs. (13) and (14) (18) is the normalized angular velocity, n = n n c (19) is the normalized plasma density, and = 1 ; n=2 n=2 : (20) Equations (16) 
There are two branches of solutions. The plasma density increases with increasing angular velocity on the lower branch, but decreases with increasing angular velocity on the upper branch. In the former case the plasma is compressed by the j^B forces associated with the plasma rotation, in the latter case this e ect is counteracted by the centrifugal force. The plasma attains its maximum density (the Brillouin density) when it rotates at half the cyclotron frequency. The plasma disperses as its angular rotation frequency either becomes much less than the cyclotron frequency or approaches the cyclotron frequency. Note that it is only possible to nd rigid rotator equilibria for n 1 and 0 < < 1.
In the absence of any plasma angular momentum loss due to asymmetries in the axial magnetic eld (i.e., d = 0) a rigid rotator state can, in principle, persist for an inde nite periodof time. However, a non-zero momentum loss rate (i.e., d > 0) causes the plasma to slowly spin down. (Note that the factor in Eq. (16) is always positive.) Unless counteracted, this e ect leads inevitably to the loss of plasma con nement since, according to Eqs. (15) and (21) , once the plasma angular velocity falls below half the cyclotron frequency the plasma expands as it spins down.
E Angular momentum injection
Suppose that the plasma is perturbed in such a manner that its velocity eld can bewritten v(r t ) = v(r t ) + v(r t ) exp( i m ) (22) where jṽj jvj. Operating on the -component of Eq. (5) 
where (r t ) = v (r t ) r (24) is the -averaged angular velocity pro le of the plasma. Note that all terms which are linear in perturbed quantities average out of Eq. (23) .
Assuming that the equilibrium state is one of the rigid rotator states described in Section II.D, and that the angular velocity of the plasma changes at a rate which i s m uch less than the cyclotron frequency, Eq. (23) 
Equation (25) is clearly a generalization of Eq. (16) . The new term on the right hand side represents the rate of angular momentum injection into the plasma via external perturbations. In the presence of such perturbations it is clearly possible for the plasma to achieve a steady state in which the rate of momentum injection matches the rate at which angular momentum is lost due to asymmetries in the axial magnetic eld. In this situation, plasma con nement could, in principle, be maintained for an inde nite periodof time, in spite of the e ect of magnetic eld asymmetries.
F Linear analysis
Suppose that the plasma has achieved a steady state with the aid of momentum injection from an external perturbation with m periods in the direction, oscillating at some angular frequency . It follows that the plasma velocity can be written v(r t ) = r ^ +ṽ(r) e x p i ( m ; t)]:
(27) Likewise, the plasma density takes the form n(r t ) = n + n c cñ (r) e x p i ( m ; t)]: (28) Assuming that the perturbation is relatively small, linearization of Eqs. (9) 
Suppose, as seems reasonable, that the ow damping rate due to magnetic eld asymmetries is much less than the cyclotron frequency i.e., j d j 1. Suppose, in addition, that the resonance condition = m is almost satis ed i.e., j j 1. 
Equations (44) and (46) 
The instability criterion (which leaves A nite whilst m ! 0 in Eq. (48) ) is
This criterion is never satis ed for any integer m and real positive , implying that a rigidly rotating plasma is intrinsically stable. Thus, it is reasonable to assume that the only mode present in the plasma is that imposed externally. For < 0, the most general solution of the perturbed vorticity equation is
where J m is a standard Bessel function. By a straightforward generalization of the previous result, the dispersion relation for stable modes takes the form
There are many roots of this dispersion relation with real negative values of . These roots correspond to modes with the negative growth rates = ; d :
(56) Table I shows the rst few roots of (i.e., values of p ; which satisfy) Eq. (55) calculated for m = 1 2, and 3. It is clear from the above analysis that the steady state cross section of a plasma con ned in a Penning-Malmberg trap is necessarily circular. Any ellipticity (m = 2), triangularity (m = 3), etc. decays away under the action of viscosity. It is also clear that the circular stream surfaces of the plasma must beconcentric, since any lack of concentricity (m = 1) is also eliminated by viscosity.
I Axisymmetric perturbations
Consider axisymmetric (i.e., m = 0) perturbations about a rigid rotator state. The analysis of Section II.F remains valid for m = 0. Hence, the perturbed vorticity satis es (see Eq. (38) Suppose that the external electric eld is generated by a set of electrodes of negligible radial extent located at radius r c > a. For the sake of simplicity, the electrodes are assumed to beconnected to feedback controlled circuits which maintain in them a radially integrated charge density ( ) exp(;i t ). In this situation, Eq. (72) Note that neither an m = 0 nor an jmj = 1 perturbation are able to exert a torque on the plasma. In the former case the perturbation is axisymmetric, so there is noẼ to accelerate the plasma in the direction. In the latter case the perturbation merely imparts a rigid shift to the plasma, without distortion of the stream surfaces. In most Penning-Malmberg traps the time scale on which the plasma spins down due to asymmetries in the magnetic eld is much longer than the time scale required for viscous relaxation of the velocity pro le i.e., d
. 9 In Figure 1 . The mth harmonic of the externally imposed electric eld resonates with the plasma when its angular phase velocity =mmatches the angular velocity of the plasma. At resonance, zero torque is exerted on the plasma. As the velocity di erence between the plasma and the electric eld is gradually increased, the torque initially increases linearly with the velocity di erence, reaches a maximum value, and then decreases like one over the square root of the velocity di erence. The width of the peak (in units of angular velocity) is of order i.e., the width is determined by the plasma viscosity. In conventional Penning-Malmberg trap experiments the typical time scale for viscous relaxation of the plasma velocity pro le is much longer than the rotation period i.e., j j. 9 This implies that the mth harmonic of the externally imposed electric eld is only able to exert a signi cant torque on the plasma when it is very close to resonance i.e., when its angular phase velocity almost matches the angular rotation velocity of the plasma. Thus, the \close to resonance" ordering j j 1, adopted in Section II.F, is reasonable, since if j j O(1) then the relevant harmonic of the external eld is so far from resonance that it exerts virtually no torque on the plasma.
The most surprising aspect of Fig. 1 is the direction of the torque. The torque is negative when the external electric eld rotates faster than the plasma (i.e., =m> ), and positive when the external eld rotates slower than the plasma (i.e., =m< ). At rst sight, this result appears somewhat counterintuitive. One might expect a eld which rotates faster than the plasma to exert a positive torque so as to bring the plasma into resonance, and vice versa. (This is certainly what occurs in a conventional electron-ion plasma subjected to an externally imposed, rotating, non-axisymmetric, magnetic eld. 19 ) However, it is demonstrated in Section II.O that this direction of the torque is entirely consistent with a standard result in hydrodynamic theory.
The torque function T m attains its maximum amplitude, T m (max), when j ; =mj = g m = . Table IIIshows the 
is proportional to the electromagnetic torque exerted on the plasma by the externally applied electric eld.
As is illustrated in Fig. 2 , the steady state angular velocity of the plasma corresponds to one of the crossing points of the drag torque curve, T drag ( ), and the electromagnetic torque curve, T EM ( ). There are either zero or two crossing points associated with each poloidal harmonic of the externally applied electric eld, with the exception of the m = 0 and jmj = 1 harmonics, which exert no torque on the plasma. For each jmj > 1 harmonic which possesses two crossing points, the crossing point which lies closest to the resonance, = =m, is dynamically unstable, whereas the other crossing point is dynamically stable. Note that all stable crossing points correspond to a situation in which the angular phase velocity of the relevant poloidal harmonic of the external electric eld is slightly less than the plasma angular velocity. (98) Figure 3 shows the torque pro le t m (r=a) calculated for m = 2, d , and various values of
where g m is speci ed in Table III . Recall that j j = 1 corresponds to the two plasma angular velocities which give the maximum and minimum torques in Fig. 1 . For j j 1, the torque increases linearly with the angular velocity difference between the plasma and the external electric eld i.e., with ; =m. For j j 1, the torque decreases like one over the square root of the velocity di erence. It is clear from Fig. 3 that in the former asymptotic limit the torque exerted on the plasma by the external eld is fairly evenly distributed throughout the plasma, whereas in the latter limit the torque is con ned to a narrow layer close to the plasma boundary. According to Fig. 2 , stable balance points between the electromagnetic torque and the drag torque are only possible when the electromagnetic torque decreases as the magnitude of the angular velocity di erence between the plasma and the external eld increases. This implies that a steady state solution can only be obtained when the torque exerted on the plasma by the externally applied electric eld is mostly concentrated close to the edge of the plasma.
O The e ect of angular velocity shear
Suppose that the plasma initially possesses a small amount of angular velocity shear. According to Section II.I, the shear gradually decays away under the action of viscosity. The time asymptotic angular velocity pro le of the plasma consists of rigid rotation plus a small admixture of the most slowly decaying eigenfunction of Section II.I.Thus, (r t ) = 0 (t) 1 + (t) J 1 ( 1 r=a) 1 r=a (100) where 1 = 5:136 (see Table II In principle, these coe cients can bedi erent on either side of the critical surface. The jump in the coe cients is xed by asymptotic matching to the critical layer solution. However, in the small limit, for which the perturbed ow is divergence free to lowest order, critical layer solutions permit a jump in the coe cient of the small solution but forbid a similar jump in the coe cient of the large solution. It is convenient to parameterize the jump in the coe cient of the small solution via 
Here, the small but nite thickness of the critical layer has beenneglected for the sake of simplicity. A comparison of Eqs. (114) and (115) shows that the torque exerted at the critical surface always acts in the same direction as the local viscous torque. There is an underlying physical reason for this result. Imagine that the plasma is strongly perturbed from equilibrium so that it acquires a large amount of angular velocity shear. Viscosity acts to reduce this shear and eventually returns the plasma to a rigid rotator state. However, for strong perturbations the plasma becomes unstable to modes driven by the velocity shear. (Note that for the small levels of velocity shear considered in this paper the plasma remains stable, as evinced by the lack o f modes with positive growth rates in Section II.I.) These modes are able to rapidly redistribute angular momentum by means of momentum injection into the various critical layers which develop inside the plasma.
(Note that the behaviour of critical layers is essentially independent of whether the perturbation is externally imposed or due to some naturally occurring instability.) The fact that the torque exerted at a critical layer is always in the same direction as the local viscous torque ensures that the unstable modes always act to relax the plasma angular velocity pro le back to that of a rigid rotator, thereby, eventually stabilizing themselves. Thus, the sign of the torque in Eq. (114) is entirely consistent with d'Alembert'sprinciple. Consider the case > 0, where the inside of the plasma spins slightly faster than the outside. It is clear from Eq. (103) and (114) that the torque exerted on the plasma is only positive when the critical surface lies towards the outside of the plasma (i.e., when r s > 0:746 a), and most of the plasma is, therefore, spinning faster than the external perturbation. Likewise, the torque is negative when r s < 0:746 a, and most of the plasma is, therefore, spinning slower than the external perturbation. Similar behaviour is obtained for the < 0 case. This behaviour is entirely consistent with that already found for the zero shear case, where the torque is positive when all of the plasma is spinning faster than the external perturbation, and vice versa.
Note that zero torque is exerted on the plasma when the radius of the critical surface lies at 0:746 a (i.e., the radius at which J 1 ( 1 r=a) = 0). However, this equilibrium point is dynamically unstable. Consider the > 0 case. If the perturbation slows down slightly then the radius of the critical surface moves outward and angular momentum is injected into the plasma, tending to spin it up. Likewise, if the perturbation speeds up slightly then the radius of the critical surface decreases and angular momentum is extracted from the plasma, tending to slow it down.
If there is no critical surface inside the plasma then the nal term on the left hand side of Eq. (104) (116) and zero torque is exerted on the plasma. However, this solution is not quite correct since it does not satisfy the boundary condition (46) at the plasma/vacuum interface. In order to achieve this a thin boundary layer develops at the edge of the plasma. The external perturbation is then able to exert a relatively small torque on this layer. It is easily demonstrated that the correct solution is (122) Note that this expression is identical to the j ; =mj limit in the case of zero velocity shear, except that here the angular rotation velocity of the plasma is represented by its edge value (i.e., ! (a) ) .
It is helpful to parameterize the total torque per unit length exerted on the plasma usingT , where 
It is possible to identify two limits. In the rst limit the angular phase velocity of the external perturbation is such that a critical layer forms well inside the plasma. In this case, the width of the critical layer is of order 
andT O(1) (assuming that s (a) ) . In the second limit the angular phase velocity of the external perturbation is such that no region of the plasma is close to resonance. In this case, an edge boundary layer whose thickness is of order 
The width of a critical layer is of order ;1=3 1 a, whereas the width of an edge layer is of order ;1=4 1 a. Numerical di culties arise if either type of layer becomes extremely thin compared to the plasma radius. These di culties can only be avoided if the shear parameter 1 is limited to lie in the range j 1 j < 10 4 . The output from the code exactly matches the analytic result (77) for the case of zero velocity shear ( 1 = 0). Furthermore, for the case of (relatively) strong velocity shear ( 1 1) the output from the code is in complete agreement with the preceding analysis. For instance, Fig. 4 shows the normalized torque density (t(r=a), whereT = R 1 0t (r=a) d(r=a), and the normalized torqueT is de ned in Eq. (123) ) plotted as a function of the major radius for m = 2, 1 = 10 4 , and z = ;500. It can be seen that, as predicted above, the torque is exerted in a relatively narrow layer centred on the critical surface (r s = 0:666 a). Figure 5 shows the normalized torque exerted on the plasmaT plotted as a function of the radius of the critical surface r s for m = 2 and 1 = 2000. Recall that analytic theory predicts that in the 1 1 limit the torque exerted on the plasma should be negative when the critical surface lies towards the centre of the plasma, positive when the surface lies towards the edge of the plasma, and should pass through zero when the critical surface lies at r s = 0:746 a. This is exactly the behaviour exhibited in Fig. 5 . The torque passes through zero when the radius of the critical surface is slightly greater than 0:746 a because of the residual in uence of the torque exerted in the edge boundary layer. As the velocity shear parameter 1 is gradually decreased the zero torque point m o ves outwards in r s until it approaches the edge of the plasma. This is exactly the behaviour predicted by analytic theory as the edge torque becomes gradually more signi cant with respect to the torque exerted at the critical surface. Figure 6 shows the normalized torqueT exerted on the plasma plotted as a function of the angular velocity parameter z for various values of the velocity shear parameter 1 . It can beenseen that the torque versus angular velocity curve for a plasma with non-zero angular velocity shear exhibits the same basic features as that for a rigidly rotating plasma, except that the former curve tends to be more strongly peaked than the latter. The two curves merge smoothly in the limit 1 ! 0.
In summary, a code has been developed in order to directly evaluate the torque exerted on the plasma in the presence of nite velocity shear. The results of the code agree with analytic theory in both the strong ( 1 1) and zero ( 1 = 0) shear limits. In the strong shear limit the analytic result corresponds to a standard result in hydrodynamic theory. The behaviour of the torque in the weak shear limit is directly analogous to that exhibited in the strong shear limit. Moreover, the torque versus angular velocity curve evolves quite smoothly from that characteristic of the zero shear limit to that characteristic of the strong shear limit as the velocity shear in the plasma is gradually increased from zero. The results of the code strongly support the view that the rather counter-intuitive sign of the torque found in the preceding analysis is, in fact, the correct sign for the system under investigation.
III Summary
In this paper the response of a single component plasma con ned in a PenningMalmberg trap to an oscillating, non-axisymmetric, electric eld is calculated using a phenomenological uid model. The main advantage of this approach is that the experimentally determined values of the radial angular momentum transport and the drag torque due to magnetic eld asymmetries can be incorporated into the analysis. At present, these two e ects are not well understood on a microscopic level.
A single component plasma con ned in a Penning-Malmberg trap generally satis es the inequality j j d (131) where is the angular rotation velocity of the plasma, is the rate at which viscosity relaxes the angular velocity pro le across the whole plasma cross-section, and d is the rate at which angular momentum is lost from the plasma as a consequence of magnetic eld asymmetries. Clearly, the time scale on which the plasma spins down, or spins up, under the in uence of the drag torque, or any external torque (assuming that the latter is of the same order of magnitude as the former, which it ultimately balances), is much longer than the time scale on which the plasma angular velocity pro le relaxes to that of a rigid rotator. It is, therefore, legitimate to calculate the external torque assuming that the angular velocity pro le is close to that of a rigid rotator.
The non-linear torque exerted on a rigidly rotating plasma by an oscillating, non-axisymmetric electric eld is a highly non-monotonic function of the plasma angular velocity. The torque vs. angular velocity curve is dominated by a series of sharp resonances at which the angular phase velocity of a particular poloidal harmonic of the external eld matches the angular rotation velocity of the plasma. The resonance condition for the mth harmonic is = m (132) where is the oscillation frequency of the external eld. In practice, there are many resonances since the external electric eld is usually generated by voltages applied to conducting plates and is, therefore, not a pure poloidal harmonic.
The width of each resonance (in units of angular velocity) is of order i.e., it is extremely small compared to the angular velocity of the plasma. Close to the centre of the resonance (i.e., j ; =mj ) the net torque exerted on the plasma increases linearly with the di erence in phase velocity between the plasma and the resonant component of the electric eld (i.e., with ; =m).
In this limit, the torque is fairly evenly distributed throughout the plasma. Far from the centre of the resonance (i.e., j ; =mj ) the net torque exerted on the plasma decreases like one over the square root of the di erence in phase velocity. In this limit, the torque is exerted in a narrow edge layer of thickness p =j ; =mj relative to the plasma minor radius. The maximum torque exerted on the plasma is independent of the viscosity, and varies as the square of the amplitude of the external perturbation. The net torque exerted on the plasma by the mth poloidal harmonic of the external electric eld is negative when the eld rotates faster than the plasma (i.e., when =m> ), and positive when the eld rotates slower than the plasma. Thus, the torque is such as to push the plasma angular velocity away from its resonant value =m.
In the presence of a small amount of angular velocity shear the picture outlined above is modi ed somewhat. If the resonance condition (r) = =mis not satis ed inside the plasma then the torque is exerted in a narrow edge layer, as described above. However, if the resonance condition is satis ed inside the plasma then the dominant torque is exerted in a narrow layer centred on the critical surface, (r s ) = =m. The thickness of the critical layer is of order ( = ) 1=3 relative to the minor radius of the plasma, where is a measure of the angular velocity shear. The amplitude of the torque exerted on a critical layer is comparable to the peaktorque exerted on a rigidly rotating plasma. The sign of the torque is such that when most of the plasma is spinning faster than the external perturbation the torque is positive, and vice versa. In other words, the sign of the torque is completely compatible with that found in the absence of angular velocity shear. The sign of the torque exerted on a critical surface is determined by a standard result in hydrodynamic theory. Namely, the torque exerted on a critical surface always acts in the same direction as the local viscous torque. This ensures that velocity shear driven plasma instabilities always act to relax the plasma angular velocity pro le back to that of a rigid rotator i.e., they reduce the source of free energy which drives them unstable, in accordance with d'Alembert's principle. As the plasma angular velocity shear gradually decays under the action of viscosity the torque exerted on the plasma as a function of its average angular rotation velocity asymptotes smoothly to that calculated in the limit of zero angular velocity shear.
It is only possible to form a stable balance point b e t ween the torque exerted on the plasma by the mth poloidal harmonic of the external electric eld and the drag torque due to asymmetries in the magnetic eld if the plasma angular rotation velocity is close to, but slightly larger than, the resonant v elocity =m. There is a critical amplitude of the mth harmonic below which the balance point is suddenly lost. At the critical amplitude the balance point lies on that peak of the torque vs. angular velocity curve which occurs in the immediate vicinity of = =m. The critical amplitude depends on the drag rate d , but is independent of the plasma viscosity. After the balance point is lost the plasma spins down under the in uence of the drag torque. The plasma either comes into equilibrium with a higher mode number harmonic of the external eld (at a lower angular rotation velocity), or spins down until the edge of the plasma hits the electrodes and con nement is lost. Note that this process is irreversible i.e., the balance point with the mth harmonic cannot berestored by simply raising the amplitude of the mth harmonic above its critical value again.
The somewhat surprising sign of the torque obtained in this paper (i.e., such that the torque is positive when the external perturbation rotates slower than the plasma, and vice versa) is not observed experimentally. The most likely explanation for this is that the experimental torque, which has the opposite sign, is predominately determined by a di erent mechanism to that discussed above. Indeed, there is some evidence, mainly from pure ion experiments, that the torque is somehow related to the dynamics of particles along the axis of the trap. For instance, it is found that the momentum injection is most e ective when the externally applied electric eld varies strongly along the axis of the trap. 23 Furthermore, in pure ion experiments the`slip frequency' (i.e., the di erence between the rotation frequency of the externally applied perturbation and the angular rotation frequency of the plasma) is found to beclosely correlated with ion bounce frequency between the two ends of the trap. 24 Axial dynamics are not taken into account in this paper, which only considers in nitely long traps in which there is no axial variation. It may be that, in practice, torques arising from axial dynamics (e.g., the torque associated with the`rotational pumping' mechanism discussed by Crooks and O'Neil 25 ) dominate the torque arising from the mechanism described in this paper. Another possibility is that it is simply not appropriate to treat a plasma con ned in a Penning-Malmberg trap as a uid, as is attempted in the above. Furthermore, the conventional expression for the viscosity operator adopted in this paper may turn out to di er quite substantially from the actual (and, as yet, unknown) viscosity operator. On a more optimistic note, there is some indirect evidence that, under certain circumstances, a non-axisymmetric external perturbation which rotates more slowly than the plasma can increase the plasma angular momentum. Notte and Fajans 26 nd that small, static, nonaxisymmetric, externally applied electric elds can increase the lifetime of an electron plasma con ned in a Penning-Malmberg trap, whereas large elds decrease the lifetime of the plasma. The conventional explanation of this e ect is that the applied perturbation cancels the intrinsic asymmetry in the equilibrium radial electric eld of the trap. However, as pointed out by Notte and Fajans, in this case the size of the applied perturbations would correspond to an implausibly large intrinsic asymmetry. Perhaps the mechanism outlined in this paper is relevant to this situation? The long-dash curve corresponds to 1 = 0, the short-dash curve to 1 = 100, the dotted curve to 1 = 200, the solid curve to 1 = 300, and the dot-dash curve to 1 
